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INTRODUCTION 
In this paper we consider two operations in the ring of complex valued 
characters of a finite group of Lie type G. The first, which we shall call truncation, 
is defined for each standard parabolic subgroup PJ , with unipotent radical V, 
and Levi factor L, . The operation assigns to each complex character 5 of G 
a character &PJiVJ, of L, , which is afforded by the submodule left fixed by V, 
in a module affording 4. In case the truncation <~PJIVJ) is known, we obtain 
formulas expressing the value of 4 at elements x E G such that C,(X) < L, , 
in terms of values of characters of L, ; 
for such elements X. 
more precisely, we have 4(x) = [tPJIyJ)(x) 
The second operation is a generalization of the construction of the Steinberg 
character given in [2]. It assigns to each character 4 of G a virtual character {*, 
called the dual of 5, which is such that the dual l*, of the principal character lc 
is the Steinberg character St, . From Theorem B of [3], it follows that 
(w@pJ) = St,, . This can be interpreted as the statement that, in this case 
anyway, the operation of truncation intertwines the duality operation. The main 
result of this paper is a proof of this statement for all virtual characters of G. 
We also include results identifying [* for irreducible characters 6 in IsG, and 
certain other principal series characters. 
1. STATEMENT OF RESULTS 
In this paper we are concerned with modules and characters of finite groups 
over the field of complex numbers C. 
* This work was partially supported by National Science Foundation Grant MCS76- 
07015. 
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We begin with some elementary considerations. Let X be a finite group, 
Y < X, and let H be a subgroup such that Y < H < N,(Y). Let W be a left 
CX-module, with character W. The restriction w Iu to H can be expressed in 
the form 
where wh is the contribution to wH of the characters of H having Y in their 
kernel, and w& is the contribution from those which do not. 
On the other hand, let inv,( W) denote the subspace of W affording the trivial 
representation of Y. Then, because Y 4 H, inv,( W) is a CH-submodule of 
W/H, and we let WQ,) denote the character of H afforded by invr(W). As 
Y < ker ~II) , we can also view qH) as a character qH,r) of the factor group 
H/Y. 
We can now state the following result, whose proof is left as an exercise for 
the reader. 
(1 .l) PROPOSITION. Let Y, X, H, W, w be as above. Then: 
(9 OJ;I = OJ(~) = (w IH)tH) = C (w, %$( where the sum is taken over the 
set {A} of irreducible characters of H/Y, lifted to characters {A) of H with Y in 
their kernels; 
(ii) let h E H be an element such that C,(h) n Y = (1). Then 
44 = wdh). 
The second statement may be viewed as a kind of reduction formula, giving 
the values of the character w on certain elements in terms of values of the 
truncated character w(~) . 
Let G be a finite group with a split (B, N)-pair of characteristic p, and 
Coxeter system (W, R), as in Chapter 1 of [3]. For each J C R, we let PJ denote 
the standard parabolic subgroup corresponding to J, and PJ = L,VJ the standard 
Levi decomposition of P, , as in [3]. We shall apply the preceding considerations 
to characters of G, with {PJ , V,} playing the role of H and Y. 
Let 4 be a character of G, afforded by a module 2. For each J C R, let ctp,) be 
the character of PJ afforded by inv,(Z), and {(p,iV,) the character of L, defined 
by &‘cpJ) (using the canonical isomorphism L, g PJ/ V,). Extending the definition 
of <tpJ) by additivity, we have a well-defined additive map 5 --+ &eJ) from 
char,(G) ---f char,(P,), where char,(G) denotes the ring of virtual characters 
of G, etc. We shall call &pJ,y,) a truncation of 4. 
A second operation in the character ring of G is defined as follows. Let 5 E 
char,(G), and define the dual t;* of 1 to be 
[* = 1 (-l)Q$,,, E char,(G). 
JCR 
(W 
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For example, from [2] we see that 
1; = St,, 
where St, is the Steinberg character of G; conversely, St; = lo . On the other 
hand, if 5 is a cuspidal character, then <* = -j-l. 
For each J C R, the standard Levi factor L, also has a split (B, N)-pair with 
Weyl group W, . A set of standard parabolic subgroups of L, is given by 
QK=pKnLJ, KCJ 
(see [3]). Thus for each virtual character p of L, , we can define the dual, again 
denoted by pFL*, where 
P * = gJ(-l)lKjp(QKjLJ E charZ(LJ). 
The first main result is that the operations of forming duals and truncation 
intertwine each other. More precisely, we have 
(1.3) THEOREM. Let 5 E char,(G), and let J _C R. Then, 
, (~*)(PJIVJ) = S(PJIVJ)* 3 
i.e. 
In particular, this result implies that 
~Sb)WJ/VJ, = St, * 
Using (ii) of Proposition 1.1, we have the following reduction theorem. 
(1.4) COROLLARY. Let 1 E char,(G), and let J C R. Let x E G be an element 
such that C,(x) <L, . Then 
c*(x) = s(PJIvJ)*(4’ 
Using Theorem 1.3, Alvis has proved that for an arbitrary finite group G 
of Lie type, as above, the duality operation 5 + &‘* permutes up to sign the 
irreducible characters of G. In other words, if 4 is an irreducible character, 
then f<* is an irreducible character. Examples where -[* is an irreducible 
character are easy to find. For example in a group of rank two there exist 
irreducible characters 5 such that i&j = 0 but &) # 0, where B is a Bore1 
subgroup, and P a maximal parabolic subgroup, and for such a character, 
c* is not a character. 
A FINITE GROUP OF LIE TYPE 323 
We next state some results which show, among other things, that the map 
5 -+ c* does permute irreducible characters, at least, for certain characters in 
the principal series. 
In order to state these results, we follow the terminology of Section 5 of [3]. 
We have a system 9’ of groups with (B, N)-pairs {G(q)}. Each group G(q) is 
assumed to have a split (B, N)-pair of characteristic p 1 q, and a fixed Coxeter 
system (W, Ii) (independent of 4). 
Let A be the generic ring associated with the system 9’; then A is an algebra 
over the ring D, where o = K[X]. Let F = Q(X), F a finite extension of F 
which splits AF, and o* the integral closure of o inF. For each q, letf *: o* -+ Q 
be an extension of the homomorphism f: o --+ Q given by X + q, into the 
algebraic closure Q of Q. 
Using the extensions {f *}, there can be defined a bijection F --+ &,,, from the 
irreducible characters (9)) of W to the irreducible components {&,,,} of 1~~~~ , 
and for each J _C R, a bijection + -+ rlll,* from the irreducible characters of W, 
to the irreducible components (T~,~} of l$‘ib”,‘. By Theorem 5.1 of [3], these 
bijections satisfy, for all q, qz+ and # as above, 
(1.5) 
(For indecomposable Coxeter groups W, it was proved in [l] that the corre- 
spondence y-+ &,,, is canonical, i.e., independent off*, except for certain 
characters occurring in types 2Fp , E, , and E, .) 
Following Section 5 of [3], there exists, for each irreducible character v of W, 
a generic degree d,(X) E Q[X], such that for each q, 
Similarly we have generic degrees d,(X) corresponding to irreducible characters 
#of W,, for JCR. 
The next result is due to Green [5]. For completeness we shall give a new 
proof in Section 3. The homomorphisms IND and SGN from A + o are 
defined in [33. 
(1.6) PROPOSITION (Green). (i) Let {upu}wsw be the standard basis of AF. 
There exrsts an involution of rings J: AF -+ AF, given by 
J (c bw) = c JF(&J SGN~~FWW,))~,  
for {h,} in F, where JF(hw) is the result of applying the automorphism JF: X -+ X-l 
of F to h, . The involution J is semilinear with respect to the automorphism JF of F. 
(ii) The involution J: A, -+ A, permutes the irreducible characters of A” 
in such a way that ;f‘x corresponds to the character p of W (as in [3, Sect. 5]), and 
x -+ “x, then Jx corresponds to EP), where E is the sign character of W. 
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(iii) If d,(X) is the generic degree corresponding to y, then the generic degree 
corresponding to ELI is XNd,(X-l), h w ere XN = IND(a,,,), and w0 is the element 
of maximal length in W. 
We now have: 
(1.7) THEOREM. For all irreducible characters v of W, and all q, we have 
ccl = LA, P 
where [t,, is the dual of &,., defined in (1.2). Thus the map [ + [* permutes the 
G(a) irreduczble components of 1 Bcql . 
We conclude with a calculation of {*, for certain irreducible characters not 
in lBo. Let G be a finite group with a split (B, N)-pair of characteristics p, as 
in the beginning of the discussion. Let U = O,(B), and assume that the root 
subgroups of U satisfy the hypothesis in [6, 3.91. Let h: B + C be a linear 
character of B with U < ker X. Then the induced character hG contains two 
noteworthy characters, the generalized Steinberg character St,,, (see [S]) and 
a character c(h) defined by Howlett [6, 6.81. As our final result we prove 
(1.8) PROPOSITION. St&, = [(A), for all linear characters X of B with 
U < ker h. 
Thus c(X) plays the role of a generalized identity character. 
2. PROOF OF THE MAIN THEOREM 
The proof of Theorem 1.3 will be given in a series of steps. By Proposition 1.1, 
a typical term in ([*)(pJ,VJj can be expressed in the form 
(S~JJhPJl”‘) = GJJ IP,hPJIY,) * 
Changing the notation slightly in order to be able to refer conveniently to the 
results in Sections 1 and 2 of [3], we have, for Ji , Jz 2 R, 
1&g) IP,l = 1 [o%(PJa) I”P,*nP,)PJ1 ? 
xE wJ1.J8 
where WJ,, J, is the set of distinguished ( W+ , WJa) double coset representatives 
in W. For a fixed x E WJ,+, , we have 
w,, n “W,, = w, 
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for some K CJ1 (see [9], Lemma 2, or [7]). Then from [3, Sect. 21, 
Our first main objective is to prove 
(2.1) PROPOSITION. Let J1, Jz < R, x E WJISJ, , and K be as above. Then 
where QK = PK n LJ1 is the standard parabolic subgroup of LJ1 corresponding to K. 
We begin the proof with the following result, which IS perhaps of some 
independent interest, concerning the truncation operation with relation to 
pairs of associated parabolic subgroups. 
(2.2) LEMMA. Let PJ, and PJ, be standard parabolic subgroups such that 
LJ1 = wL,2 for some w E W, ,J . Then for each character 5 of G, ((pJ1,VJ1) = 
w&~~,,~,,, , where &p,l,yJI) is vieked as a character ofLJl and &pJ21y,g) as a character 
of LI . 
Prooof. By Proposition I. I, we have 
&PJ,l",J = c (57 XGh 
A 
and 
where the sum is taken over the irreducible characters ofLJ1 andLJz , respectively. 
We can pair off the characters {A} of LI1 and {A’} of LJ2 in such a way that Wh’ = A. 
Thus it suffices to prove that if A, and A, are irreducible characters of L, and 
L - G Ja , with A, = wh,, then A, = xaG. This was proved for cuspidal charicters 
by Harish-Chandra (see [3, 3.51) by showing that (XrG, JIG) = (xrG, XaG) = 
(XzG, xzG). The proof given in [3, pp. 674-6751 applies to the present situa- 
tion with a few minor changes to fill in, which we leave as exercises for the 
reader. 
(2.3) LEMMA. Let X be a finite group, and let V 4 9 and H < X. Let M 
be a left CH-module. 
(i) There is an isomorphism of CX-modules 
inv,(MX) c (invV(MHy))“. 
(ii) There is an isomorphism of vector spaces 
WHVhf”IV) = ~Wllm) 
4th /62/z-6 
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which intertwines the action of the groups HV/V and H/V n H, using the natural 
isomorphism between them. 
Proof. For the first result, we express Mr as (Mny)r, and the result follows 
immediately from the theory of induced modules (see [4, Sect. 121). For the 
second statement, let {vi} C V be a transversal of HV/H, so that MHv = 
ei vi OH M. One then shows that invv(MHv) consists of the elements 
(C vi) @ m, where {m> ranges over inv,,,(M). Moreover, if h E H, then 
hq = v,h, for some h, , and it is easily checked that all hj are =h (mod V n 29). 
The obvious map from invv(MHv) -+ inv,,,(M) then intertwines the action 
of the corresponding elements of HV/V and H/H r\ V, as required. 
Proof of (2.1). Let 2 be a left CG-module affording 5. The left side of (2.1) 
is afforded by the C(P,/V,)-module 
(2.4) 
Letting 
VJl --f V, PJ, CT “PJ, + H, inv,r J,(Z)l~JlnnpJ2 -+ M, and PJ, -+ X, 
we deduce from Lemma 2.3 that the module in (2.4) is isomorphic to 
where PK = (P,, n “PJ,) VJ, , and Y is the PK-module in the brackets, 
Y = inv t$nvzvJz(Z) lPJInapJJpKl. 
We first note that every transversal for LJ1/QK is a transversal for PJAPK. 
In fact, from [3, 2.51, we have QK = PK n L, = “PJ, n LJl , and LJl n “PJ, = 
LK(LJ, n “VJz). Thus, if LJ1 = U Zj(LJ1 n “p,:) (disjoint), then from (2.5) of [3], 
we obtain 
Finally, ljPK = lj,PK implies that li’&, E LJ1 n PK , so the cosets {ljPK} are 
distinct. Thus, for such a transversal (1,) of LJ1/QK, we have 
Y’JI = @ lj opK Y. (2.5) 
j 
We now calculate Y. Using part (ii) of Lemma 2.3, the PK/VJ1-module Y can be 
identified with the P,, n rPJz/VJ, n xPJ,-module 
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The module on the right-hand side is invaVK,(Z), where PK’ is the standard 
parabolic subgroup (“‘P,, n PJ,) I’J, , and Vfc = (“-‘VJ1 n P,,) VJ, . It 
affords the character x[(p,,lVK,) . Now xLKf = LK and 5&pK,lVK,) = [(p,iVK) by 
Lemma 2.2. It follows that 
Y s inv,,(Z), 
as a PK-module. Since VJ1 < VK, it follows that inv,&Z) = invyK(inv,Jl(Z)), 
and hence Y G (ZCP~~IV~$O~) as a C(P, n LJ1)-module. Substituting m (2.5) 
yields the result 
completing the proof. 
Proof of Theorem 1.3. Letting QK = PK n L, for K < J, we have, by 
Proposition 2.1, 
(5*)y,“,) = c (-l)‘J”(s~J., IPJhPJIVJ) 
J’CR 
= J;R(--l) IJ” c [(%PJJ I~P,.nPJ)pJl(PJ/vJ) 
= JiR (-1)‘“” 
ZEWJ,J’ 
c (5 (P,/YJ))(QK) * 
=’ wJ,J’ 
"ivJ.nwJ=w~ 
Letting aJrJK be the number of elements x E W,.,? such that “W,* n WJ = WK 3 
the above sum can be written in the form 
The proof of Theorem 1.3 will be completed as soon as we establish: 
(2.5) LEMMA. Let J’, J C R, and let aJ’JK = card{x E W,#,, : “W,p n W, = 
W,& Then 
J;R(-‘) 
IJ’laJrJK = (-1)lKl. 
Proof. Following Solomon [9, p. 2561, we consider elements {xJ : J C R} 
in the rational group algebra of W. Then from [9, pp. 256, 2571, the elements 
{xJ} are linearly independent, and we have 
328 
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&p) XK . 
Using the formula for the element w,, of maximal length, 
wo = c (-l)IJ’lx,* , 
J’CR 
from [9, p. 2631, the left side of the above expression becomes woxJ . The result 
of the lemma will follow, by comparing coefficients of the linearly independent 
elements (xK}, from the statement 
WOXJ = c (- l)IKh,. 
KCJ 
From [9], we have xJ = CwExJ w, where X, is the distinguished transversal 
for W/W, . The proof of (2.6) is a nice exercise on root systems, and goes as 
follows. Suppose w E X, ; then w(oli) > 0 for all roots 0~~ E IIJ , where IIJ is the 
subset of the fundamental roots n corresponding to J. The coefficient of wow in 
woxJ is I. To find the coefficient on the right-hand side of (2.6), consider the 
subset of II defined by 
J* = {aj E I7 : wow&) > 0). 
Now, cy) E IIT if and only if ~(a,) < 0, hence J* n J = 0, and wow E X;, 
for KC J if and only if K = 0. Thus wow appears on the right-hand side of 
(2.6) with coefficient (-I)1 @ 1 = 1. 
If w $X, , then w(ai) < 0 for some 01~ E IIJ, and wow(q) > 0, so there is 
a nonempty subset KC J for which wow E XK . Then the coefficient of wow on 
the right-hand side is 
w gx (-lYK = 0, 
0 K 
which agrees with the coefficient on the left side of (2.6), and completes the proof 
of the lemma. 
3. DUALITY IN lBG 
We begin with a proof of Green’s result (Proposition 1.6). The fact that. 
J: AF + AF is a semilinear automorphism of the algebra AF is easily proved 
by noting that J is a semilinear automorphism of the vector space AF, and 
preserves the multiplicative defining relations of the algebra AF. To prove that 
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J” = 1, it is sufficient to check that Jz(aw) = a, for all w E W, and this follows 
because 
J,(IND(a,)) = IND(a,)-l WE w. 
For the second statement, we first take a fixed extension of JF to an involution 
Jp of the splitting field F. Now let T: AF -+ M,(p) be an irreducible F-repre- 
sentation of i3F, with character x. For a E A? define 
TJ(4 = JF(T(J(~))), 
where Jc(T(J(u))) is the matrix obtained by applying JF to all the entries of the 
matrix T(J(a)). Then TJ defines an F-representation of AF depending only on 
the equivalence class of T and the extension JE; . Moreover, TJ is irreducible, 
and its character xJ satisfies 
xJ(4 = JF(x(JWN, uecAF. 
Thus x -+ xJ is a permutation of the irreducible characters of AF. (In case x 
is a rational character of AF in the sense that ~(a~) E II for all w E W, the definition 
of xJ is independent of the choice of an extension of J to F. See [l] for further 
discussion of this point.) 
We now have to show that if f *: o* ---f Q is an extension off: X -+ 1, and 
f*(x(uw)) = F(W), w E W, for a given irreducible character v of W, then 
f *(~~(a~) = ET(W) for all w E W. We have 
hence 
xJ(4 = SW4 J,2(IW4) X(G), w E w, 
f *(xJ@d = SWatdf *(x(4 = 44 dw>, 
as required. 
Finally, the generic degree d,(X), for an irreducible character F of W corre- 
sponding to a character x of A’, is given by 
4(X) = J’(X) deg x lx INWwYx(4 ~(a,-1)\-~, 
where P(X) = Cw IND(a,) (see [l, (2.4)]). Clearly XNJF(P(X)) = XV(X-1) = 
P(X). Moreover, from the result of part (ii) of the proposition, we have 
4,(X) = P(X) deg xJ 11 IND(G>-~XJ(GJ x’(~-l)l-~. 
Using these facts, a simple calculation shows that I,(X) = XNd,(X-1), and 
the proposition is proved. 
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We now turn to the proof of Theorem 1.7. We shall first prove that if <,,, and 
I m’,a are irreducible characters in 1,“::; , then for all J C R, we have 
By Proposition 1.1(i), and Lemma 5.1 of [3] 
(3.2) 
where the sum is taken over the irreducible characters I/J of W, . From (1.5) 
above, we have 
Combining these results, we obtain, for the left-hand side of (3.1), 
By Frobenius reciprocity, we have 
and upon substituting this result in the previous formula, we obtain (3.1). 
Using (3.1), we obtain 
Now ET is an irreducible character of W, and from Solomon’s formula, E = 
c (-l)IJl lW wJ . Hence 
Thus Cr;:,, c,,,,) = 1. The same calculation shows that ([$,, , 5) = 0 for all 
irreducible characters in I:[$ different from <,,,, . The proof of Theorem 1.7 
will be completed if we can show that (([,,,)(pJ(,,, , 5 jpJ(a)) = 0 for all irreducible 
G(q) characters 5 of G(q) which are not in l,(,, . From (3.2), it is sufficient to note that 
if, for some irreducible character I/ of W, , (q&,*, 5 IP,ta)) # 0, then 5 E lg$ . 
This completes the proof of Theorem 1.7. 
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4. THE GENERALIZED STEINBERG CHARACTER AND ITS DUAL 
We first recall the construction of the character [(A) of Howlett [6j. Following 
[SJ, we begin with a fixed set of nontrivial linear characters {pi} on the root 
subgroups {U-,,}, 1 <; < n, where (01~ ,..., a,} is the set of fundamental roots II. 
For each JC R, let wJ be the element of maximal length in the Coxeter group 
W, . Let pJ: wJU -+ C be the linear character such that 
PJ = Pi on Kai, cziEIIJ, 
pJ=l on UmJ(d, abOo, a#flJ. 
Howlett proved [6, Lemma 4.11 that for every J C R, there is a unique irreducible 
character x, appearing with positive multiplicity in both & and hP~, where h 
is a fixed linear character of B with U in the kernel of A. In particular, there is a 
unique irreducible character St,,, of G appearing in both AC and the Gelfand- 
Graev character pRG. (Note that in general, the Gelfand-Graev character depends 
on the choice of the linear characters {pi}; see [lo] for conditions for its in- 
dependence of the choice of the {pi}.) 
Now let TJ be a transversal for S\ W/ W, , where S = Stab&X). For J C R 
and t E TJ, let xJ,t be the unique irreducible character of PJ in (ht)P~ and &, 
and put vJ = CtETJ xJ”,~ . Then define 
Howlett proved [6, (6.8) (6.9)] that &:5(h) is an irreducible character of G. We 
shall prove Proposition 1.8, which asserts that <(A) is the dual St,,,, of the 
generalized Steinberg character. From the definition of &‘(A), it is sufficient to 
prove: 
(4.1) LEMMA. For all J C R, we hawe 
(StG.A)(PJ) = c XJ.t - 
ET, 
Proof. From (1.1) we have 
(StG,AhPJ) = ; (5’~ St,,,)& 
where 8 ranges over the irreducible characters of PJ such that V, < ker t. Thus 
it is sufficient to prove that (x:,~ , St,,,) = 1 for all t E TJ , and that for characters 
4 of PJ with V, < ker t, (tG, St,,,) # 0 implies E = xJ,t for some t E TJ . 
We first note that for all t E TJ, 
XJ,t E (ht)PJ. 
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Hence xJ,t E 12, and in particular, xJ,t E 12, so that V, 2 ker xJ,t . Next, from 
Lemma 6.7 of [6j, we have 
Now let 6 be an irreducible character of PJ with V, < ker 5, such that 
(tG, St,,,) # 0. Then (tG, AC) # 0, and by Theorem 4.4 of [3], t(pJ,yJ) is a 
principal series character of L, . It follows that 5 E B’J, for some linear character 
6 of B with U < ker 0. Then (tic, AC) #= 0, and by Theorem 3.5 of [3], 0 = XW 
for some element w E W. Then ([, (x”)‘J) # 0, and hence f E (/\“)‘J for some 
element t E TJ . 
We next observe that (tG, St,,,) # 0 also implies that (tG, pRG) # 0. By 
Rodier’s theorem [lo, Sect. 6, Proposition 6.51 it follows that (f, &) # 0. 
Thus 5 appears with positive multiplicity in both (At)‘, and ,L$J, for some t E TJ , 
and by Lemma 4.1 of [6], we have 5 = xJ,t , completing the proof. 
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